Introduction
The automation of manufacturing machines and the frequent use of robots and servo systems have greatly increased the demand for servo systems with servomotors. With the advance of motor manufacturing techniques, servo systems have been developed with direct drive type motors that do not require gear reducers. However, thus far, servo systems with gear reducers have been used extensively in manufacturing machines in many fields, because the servo system volume and weight is larger than that of the gear reducer, while its torque is relatively small in comparison.
Servo systems with gear reducers have had problems related to gear backlash since their inception. Accordingly, many studies have been performed in order to deal with the problems.
In order to diagnose and maintain the performance of the robots and servo systems, a method of monitoring and detecting the magnitude and change of backlash has been developed. Dagalakis and Myers used a coherence function and the magnitude of resonant peak in the frequency response between the motor voltage and the acceleration of a robot link as measures [1] . Stein and Wang developed a technique based on momentum transfer analysis in order to detect and estimate the backlash of a servo system with a gear reducer. They found that the speed change of the primary gear due to impact with the secondary gear is related to the magnitude of the backlash [2] . Saker et al. developed a technique to complement the work of Stein and Wang using the impulsive torque due to impact, instead of the speed change of the primary gear [3] . Pan et al. developed a technique for detecting and classifying the backlash of a robot by using Wigner-Ville distributions combined with a two-dimensional correlation of the relationship between the sinusoidal joint motion and the acceleration of the robot link [4] . However, there is no technique for estimating the magnitude or contribution ratio of each stage of the backlash in a servo system with a multistage gear reducer, which is often used in manufacturing machines and robots. It is very important to know the magnitude of each stage backlash of system in order to obtain the desired magnitude of backlash and to maintain that magnitude in a correct range. The purpose of this paper is, therefore, to present a technique for estimating the magnitude or contribution ratio of each stage backlash of a servo system with a two-stage gear reducer. The contribution ratio is defined as the ratio of the magnitude of the first stage backlash to that of the total backlash. The concept for estimating the magnitude of each stage backlash is based on the change of anti-resonant frequency (ARF) and resonant frequency (RF) in the frequency response characteristic of a servo system, according to the change of the magnitude of each stage of backlash, even though the total backlash of the servo system is constant. In order to verify the validity of the proposed technique, two driving servo systems of a seeker gimbal, which are used in order to stabilise the orientation of an object, are considered. One is an azimuth driving servo system (ADSS); the other is an elevation driving servo system (EDSS). Both servo systems have two-stage gear reducers.
Model of Seeker Gimbal

Model of the ADSS in the Seeker Gimbal
A photograph of the seeker gimbal with two-stage gear reducers which is considered in this paper is presented in Fig. 1(a) . The ADSS and EDSS correspond to the two driving parts of the seeker gimbal. In the case of the ADSS, the hatched components, pinion 2, shaft 1, gear 1, pinion 1, motor and bearings rotate with respect to the AAЈ axis except that gear 2 is attached on a fixed shaft as shown in Fig. 1(b) . It is assumed that bearings support each shaft without any clearance, due to the preload. Also, the influence of the damping characteristic is neglected. The model of the ADSS obtained under these assumptions is presented in Fig. 1(c) . The moment of inertia of pinion 1 is included with that of the motor. The torsion spring represented at the right side of gear 1 indicates the torsion stiffness due to tooth stiffness between pinion 1 and gear 1. In the case of shaft 1, the moment of inertia is lumped at the centre of the distance between gear 1 and pinion 2 and torsion springs, with twice the value of torsion stiffness of shaft 1, are connected with gear 1 and pinion 2. Because they are fixed, gear 2 and the fixed shaft are modelled so that they have only torsion springs without moment of inertia. Each backlash is represented as the angles of rotation of the gears when the pinions are fixed. Components enclosed by a phantom (double dot) line in Fig. 1(c) indicate the load of the ADSS. The ADSS considered consists of a tachometer filter, a motor amplifier and the aforementioned structure. The motor amplifier is used to amplify the input voltage of motor. A permanent magnetic field type d.c. motor with a tachometer is used as an actuator. In order to filter the output voltage of the tachometer, a second-order low-pass filter is used. The governing electric Eq. of these components are as follows [5] :
The Eq. of motion for the motor is as follows:
The torque transmitted to gear 1 is represented as a nonlinear Eq., presented in Eq. (6), due to the backlash between pinion 1 and gear 1. The model of the dead zone is used as the model of the backlash [6] .
The Eq. of motion for gear 1 is as follows:
The Eq. of motion for shaft 1 is as follows:
Besides, the equation of motion for pinion 2 is as follows:
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The torque of the load is represented in Eq. (11), like Eq. (6) .
Here, the equivalent torsion stiffness between gear 2 and shaft 2 is as follows [7] :
Finally, the equation of motion for the load is as follows:
The response of the output voltage of the tachometer filter with respect to the input voltage of the motor amplifier is obtained from these Eq.. In addition, the relation between the total backlash and each stage backlash is as follows:
where
Model of the EDSS in the Seeker Gimbal
In this subsection, the EDSS models and Eq. of motion are derived. The structure of the EDSS is presented in Fig. 1 
(d).
Because gear 2 is directly attached to the load, the moment of inertia of gear 2 is included with that of the load and gear 2 has only a torsion spring model, as shown in Fig. 1(e) . The Eq. of motion for the EDSS between the motor amplifier and tachometer filter are the same as those of the ADSS, except for replacing Eqs (10)- (13) and Eq. (15) with Eqs (17)- (20) as follows:
From Eqs (1)- (9), Eq. (14) and Eqs (17)- (20), the response of the output voltage of the tachometer filter with respect to the input voltage of the motor amplifier is obtained.
Simulation
It is well known that an increase in the total backlash in a system causes the frequency response characteristic, of the output voltage of the tachometer filter with respect to the input voltage of the motor amplifier, to change because it reduces the effective equivalent torsional stiffness of the system [8] .
However, it has not been reported yet that although the total backlash magnitude is constant, a servo system with a different backlash magnitude at each stage has different frequency response characteristic. In this work, each stage of backlash of a servo system is examined by this phenomenon and hypothesis. In order to verify this hypothesis, the frequency response characteristic of ADSS is investigated according to the contribution ratio. The bode diagrams of ADSS obtained from the simulation are represented in Fig. 2 . The specifications used for the simulation are presented in Table 1 . The combinations of the magnitude of backlash of each stage obtained according to the change of contribution ratio are listed in Table 2 . They are obtained from Eqs (15) and (20). In order to obtain the simulation results of Fig. 2 , the equation of motion outlined in the previous section are converted into a block diagram. The simulation is then performed using MATLAB Simulink V. 6.1 software. The peak amplitude of the sinusoidal voltage supplied to the motor amplifier is 2.5 V and the sampling time used is 10 sec. Bode diagrams of Fig. 2 are made from the frequency analysis to extract only the excited frequency component from the output voltage of the tachometer filter with respect to the sinusoidal voltage supplied to the motor amplifier. The ARF and RF obtained are summarised in Table  2 and are represented in Fig. 3(a) . The difference between the ARF and RF is shown in Fig. 3(b) . From Fig. 3(a) and (b), it is found that the frequency response characteristic of a servo system is changed according to the change of the magnitude of the backlash of each stage in spite of having the same total backlash. In order to investigate this phenomenon once more, the EDSS of the seeker gimbal is simulated in same manner as the ADSS. The results obtained are presented in Fig. 3(d) and (e), and listed in Table 2 . From Fig. 3(a) , (b), (d), and (e), it is confirmed that although the magnitude of the total backlash is constant, a servo system with a two-stage gear reducer has a different frequency response characteristic according to the change of the magnitude of the backlash of each stage.
Experiments
To obtain experimental bode diagrams of the ADSS and EDSS, a dynamic analyser (HP35670A) is used and the bode diagrams obtained are represented in Fig. 4(a) and (b) . The ARF and RF of the ADSS and EDSS obtained from the experiments are presented in Table 2 . In order to verify the accuracy and validity of the proposed technique, the backlash of each stage of the ADSS and EDSS is measured using an optical microscope, after disassembly of each gear reducer from the systems. Measurement examples of the backlash of each stage are represented in Fig. 4 (c) and (d) and the measured data are listed in Table 2 .
Results and Discussion
Because the simulation results are obtained under the assumptions that ignore damping effects and bearing clearances, it is difficult to obtain exactly consistent results between the experi- ment and the simulation. Thus, the error index between the simulation results and the experiment results is defined as Eq. (21), and the minimum contribution ratio is found.
The error indices of the ADSS and EDSS, according to the contribution ratio, are represented in Fig. 3(c) and (f) . It is shown that the contribution ratio having the minimum error index for the ADSS is 25% and that for the EDSS is 0%. The contribution ratios of the ADSS and EDSS obtained from the measurement of each stage backlash are 23% and 4%, respectively. From Fig. 4(e) , it is also found that the proposed technique is sufficiently accurate to estimate the magnitude or contribution ratio of the backlash of each stage of a seeker gimbal with two-stage gear reducers.
Comparing Fig. 3(c) with Fig. 3(f) , the EDSS has a much higher minimum error index than the ADSS (EDSS: 20 Hz, ADSS: 10 Hz). It is thought that the dominant error originates from the assumption of neglecting the damping characteristic. The exact transfer function analysis of the model in Fig. 1(c) and (e) is very complex and complicated. Therefore, in order to simplify the analysis of the damping characteristic, each servo system is considered simply as a linear system with two masses and one spring model [9] . From Fig. 4(a) and (b) , the approximated damping factors are obtained and the frequency reduction ratios of the ARF and RF are calculated using the following Eq. [9, 10] 
(when 0Յ AR Յ0.707) (24a)
The damping factors and frequency reduction ratios obtained are represented in Fig. 5 respectively. The frequency reduction ratios of the ADSS are 0.56% at the ARF and 0.69% at the RF, while those of the EDSS are 1.8% at the ARF and 6.2% at the RF, respectively. From Fig. 5(a) and (b) , it is thought that the error of the EDSS is larger than that of the ADSS mainly because of the damping factor, as the former has a more complicated structure than the latter in terms of load. It is also thought that the remainder of the error arises from the uncertainty of the load of the EDSS. Finally, it is thought that the ARF and RF in the frequency response characteristic can be used to estimate the magnitude or contribution ratio of the backlash of each stage of a seeker gimbal with two-stage gear reducers if its load has a small damping coefficient and small uncertainty.
Conclusions
The ARF and RF of the frequency response characteristic are considered as measures in order to estimate the magnitude or the contribution ratio of the backlash of each stage of a seeker gimbal with two-stage gear reducers. The concept of the proposed technique is based on changes of the ARF and RF according to the change of the magnitude of the backlash of each stage, even though the total magnitude of the backlash is constant. It is verified that the technique can estimate each stage backlash of the ADSS and EDSS with two-stage gear reducers, respectively, if the servo system, in particular, the servo system load, has a small damping coefficient and small uncertainty. The technique has several advantages as follows: first, it is a novel method in that it estimates the backlash of each stage if the total magnitude of the backlash of servo system is available. Second, the technique does not require an additional sensor such as an accelerometer or torque sensor, because it measures the angular velocity of the motor using the tachometer. Third, it is efficient and economical because only a loose or an excessively loose gear stage needs to be adjusted or replaced rather than having to replace the whole gear reducer. Fourth, it can be applied to nonrobotic servo systems such as NC machines because it is unnecessary to attach a sensor on the link of robot or the output shaft of a servo system [2] . It is thought that using the proposed technique, the diagnosis and maintenance of various manufacturing machines and many servo systems will become more efficient and economical. 
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